BOUNDED COMMON
FUNDAMENTAL DOMAINS
FOR TWO-LATTICES

Mihalis Kolountzakis
University of Crete
Joint work with Sigrid)Grepstad (NTNU, Trondheim)

Mark Etkind and Nir:Lev (Bar llan)
and Manos Spyridakis (Crete)

Montréal DDC Seminar, Mar. 31, 2026



A LATTICE AND A FUNDAMENTAL DOMAIN
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Q =[0,1)? or [0,1]¢ (ignoring measure 0)



SAME LATTICE, ANOTHER FUNDAMENTAL DOMAIN



YET ANOTHER FEUNDAMENTAL DOMAIN



AND ITS TILING
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TWO LATTICES, THEIR FUNDAMENTAL DOMAINS
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TWO LATTICES, THEIR FUNDAMENTAL DOMAINS

Main question of interest: can we have a common fundamental domain?



AN EXTREME CASE: THE STEINHAUS TILING PROBLEM

@ Can we have A + pZ? = R? be a tiling for all rotations p?

. Can a domain behave simultaneously like all
\ |~ those squares?
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@ Can we have A + pZ? = R? be a tiling for all rotations p?

Can a domain behave simultaneously like all
| |~ those squares?

@ Problem still open in dimension 2 for measurable sets (ignoring measure 0)
Without measurability: answer is yes (Jackson and Mauldin, 2000).



AN EXTREME CASE: THE STEINHAUS TILING PROBLEM

@ Can we have A + pZ? = R? be a tiling for all rotations p?

Can a domain behave simultaneously like all
| |~ those squares?

@ Problem still open in dimension 2 for measurable sets (ignoring measure 0)
Without measurability: answer is yes (Jackson and Mauldin, 2000).

@ In dimension 3 answer is no for measurable sets
(K. & Wolff, 1997, K. & Papadimitrakis, 2002).
Unknown without measurability.



LATTICE STEINHAUS FOR FINITELY MANY LATTICES (K. 1997)
@ Given lattices
A,...,A, < RY

all of volume 1.
Find measurable A which tiles a.e.
with all A;.



LATTICE STEINHAUS FOR FINITELY MANY LATTICES (K. 1997)
@ Given lattices

A,...,A, < RY -
all of volume 1. /,/3\’10\@ by Ay {Move by Ao
Find measurable A which tiles a.e. 11 ’
with all A;. ‘

@ Generically yes! ‘
If the sum V1] L

T+ +A;

is direct then Kronecker-type density L]
theorems allow us to rearrange a

fundamental domain of one lattice to

accommodate the others.



AN APPLICATION IN GABOR ANALYSIS

@ Problem: If K, L are two lattices in
RY with

volK-volL =1,

can we find g e L2(RY), such that the
(K, L) time-frequency translates

gx— ke (ke K lel)

Rd

form an orthogonal basis of [?(R9)?

A time-frequency translate of g.



AN APPLICATION IN GABOR ANALYSIS (CONTINUED)

@ Han and Wang (2000):
Since vol (L*) = vol (K) let g = 1¢
where
E is a common tile for K, L*.
@ £(L) = {ezﬂie'x : £ L} forms an
orthogonal basis for any FD of L*, so
of L2(E + x) (for any x).



AN APPLICATION IN GABOR ANALYSIS (CONTINUED)

@ Han and Wang (2000):
Since vol (L*) = vol (K) let g = 1¢
where
E is a common tile for K, L*.
@ £(L) = {ezﬂig'x : £ L} forms an
orthogonal basis for any FD of L*, so
of L2(E + x) (for any x).

0 K-tiling —

Rd

Partition space in K-translates of E

@ L*-tiling =

On each copy E(L) is an orthogonal basis.

time-frequency translate of 1.



UNBOUNDED COMMON FUNDAMENTAL DOMAINS

@ Using the density of Ay + A; leads to
unbounded common domains.

@ Problem with density approach:
Pieces of the two fundamental __
domains may have to be moved very DY
far in order to achieve high overlap.

@ It has been an open problem for more
than 25 years if a bounded common
fundamental domain exists.
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BOUNDED cOMMON FDS ALWAYS EXIST FOR TWO LATTICES

Rn

This is our main result.

If L, M are two lattices in R? of the same
volume then they have a common,
measurable and bounded fundamental
domain.

The main new tool are some properties of
cut-and-project sets.

A cut-and-project set on R™.



CUT-AND-PROJECT (MODEL) SETS

@ Lattice € R™ x R”"
Window W< R".

@ Projection p; injective on [

@ py(IN) dense in R”
@ Model set:

NI W) = {p1(7) : veT, pa(y) e W}

It is called regular if [0W| = 0. Then

dens A(I, W) = |W] - densT.

Lattice € R™ x R", window W < R".
Model set A(I', W) < R™.



BOUNDED DISTANCE EQUIVALENCE (BDE)

@ A, B< R are bounded distance equivalent
(BDE) if there is

bijection ¢ : A — B

with
Sgg{!a —¢(a)|} < .

@ A and B must have the same density.

@ A consequence of Hall's marriage theorem:

Any two /attices of the same density are BDE.



NON-MEASURABLE BOUNDED COMMON FDS WHEN L n M = {0}

@ Suppose L, M < R? lattices with L n M = {0}.

@ A common set of coset representatives of L, M
in L+ Mis

Sz{f,-—m,-:ieN}

where £;, m; any enumeration of L, M.




NON-MEASURABLE BOUNDED COMMON FDS WHEN L n M = {0}

@ Suppose L, M < R? lattices with L n M = {0}.
@ A common set of coset representatives of L, M
inL+ Mis
S= {K,-—m,-: iEN}

where £;, m; any enumeration of L, M.
@ dens L = dens M implies L, M are BDE.

@ Choose the enumeration so that ¢(¢;) = m;.
Then S is bounded.




NON-MEASURABLE BOUNDED COMMON FDS WHEN L n M = {0}

@ Suppose L, M < R? lattices with L n M = {0}. RY
@ A common set of coset representatives of L, M
in L+ Mis F
S={€,-—m,-:ieN} L+M

where £;, m; any enumeration of L, M.

@ dens L = dens M implies L, M are BDE.

@ Choose the enumeration so that ¢(¢;) = m;.
Then S is bounded. L M

@ Can choose bounded Fa FD of L+ M in RY. It
need not be measurable (e.g. when L + M is
dense).

@ Then S+ Fis a bounded, common FD of L, M 0
in RY.




MODEL SETS FROM PARALLELEPIPEDS AND BDE

R"

If W< R" js a parallelepiped spanned by vectors in
p2(I) then the model set A(I', W) is BDE to some

lattice in R™. /

Rm



EQUIDECOMPOSABLE SETS AND BDE

@ A Bc RY are equidecomposable if
can be partitioned

A:

=
=

Ai, B=|JBi

1 1

T

such that A; = B; + 7;.
If all 7; are in a group G < RY then
they are G-equidecomposable.

If the windows W, W < R" are
p2(I)-equidecomposable then

AT, W), N(T, W) are BDE.



EQUIDECOMPOSABLE SETS AND BDE (CONTINUED)




FroMm BDE TO EQUIDECOMPOSABLE WINDOWS

@ Suppose W, W < R" measurable,
bounded, and [0W| = [0W| = 0.

If the model sets
AT, W), N(T', W) are BDE

then W, W' are py(T")-equidecomposable up
to measure 0.




BOUNDED cOMMON FD WHEN L + M IS DENSE

@ Let L =179 M= MZ have
L+M=R"

@ Q;,Qum < RY fundamental
parellelepipeds of same volume.



BOUNDED cOMMON FD WHEN L + M IS DENSE

Rd

@ Let L =179 M= MZ have
L+M=R"

@ Q;,Qum < RY fundamental
parellelepipeds of same volume.

@ Lattice I' = I'Z29 defined by

K

L M

where K € R9*?9 is injective on Z2¢

(e.g. random) and det # 0. Pilr_is injective.

p2(F) = L + M is dense in RY.



@ Parallelepipeds €;,Qp are spanned by
vectors in po(Il) = L+ M.

BOUNDED COMMON FD WHEN L + M IS DENSE ‘CONTINUED)

@ Theorem 2 = A(I,Q.),A(T,Qum)
are each BDE to some lattices L/, M.

@ Lattice densities are |Q;| = |Qum].

\
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The translation vectors €, ; — Qp; are in
L+ M.



@ Parallelepipeds €;,Qp are spanned by
vectors in po(Il) = L+ M.

BOUNDED COMMON FD WHEN L + M IS DENSE ‘CONTINUED)

@ Theorem 2 = A(I,Q.),A(T,Qum)
are each BDE to some lattices L/, M.

@ Lattice densities are |Q;| = |Qum].
@ Lattices of equal density are BDE, so

AT, Q) BRE 1/ BRE v BRE AT, Q).

@ Theorem 4 = Q;,Qy, are
p2(IN)-equidecomposable a.e.

N N
Q =Jui =]
i=1 i=1

Qpj.+711=Qum;, Ti€L+M.

\
\

\
J \
/ \
/
/

/
/

The translation vectors €, ; — Qp; are in
L+ M.



BOUNDED COMMON FD WHEN L + M 1S DENSE_(CONCLUSION)

o QL,,-.—I-T,': QM,,-, i€ L+ M, so

QL, + /4= QM’,' —mj

for some ;e L, m;e M.

@ Translation by ¢; does not change
class mod L, and translation by —m;
does not change class mod M. ’l 7
] I //
! E/
| 1+ my

N N
Q= JQi+t= UQM,i— m;
i=1
How the parts ©; ; and Qp1 merge into a

single Q.

i=1

is a bounded, common FD for L, M.



BOUNDED CcOMMON FD WHEN L + M IS DISCRETE

If G1, Gy subgroups of G of same index k there exist
gi,---,8k € G which are coset representatives for
both G; and Gs.



BOUNDED CcOMMON FD WHEN L + M IS DISCRETE

If G1, Gy subgroups of G of same index k there exist
gi,---,8k € G which are coset representatives for
both G; and Gs.

@ May assume L+ M = 79

@ The Lemma gives finite F< Z9 s t.
L+ F=279and M+ F=1274
are both tilings. Then

L+ F+[0,1]=R9and M+ F+ [0,1]¢ = R

are both tilings, so - is a bounded,
common FD for L, M.




BOUNDED COMMON FD: A CASE WITH L + M DISCRETE




BOUNDED COMMON FD: INTERMEDIATE CASE

n
@ [+ Mc RYis always a linear image of . R4
Z™ x R", with m+n=d. L, Mo

@ Cases remaining: m> 0,n < d.
@ Define the groups R™

Ly = ({0}"xR")nL and My = ({0} xR")nM.

These are lattices of rank n.
@ Complete Ly, M5 as follows:

L=L1®L;, M=Mo&M,,
where L1, M; € Z™ x R”, have rank m. The group L + M. Lattices Ly, M, < R"

shown in red, blue.



BOUNDED COMMON FD: INTERMEDIATE CASE (CONTINUED)

@ We have

[Z™ x R": L1 @ {0}™ x R"] = det Ly
[Z™ x R" : My @ {0}™ x R"] = det M.

and
L1+M1+{O}mXRn=ZmXR".
@ Can pick the representing matrices
(L1 O (M1 0
L_(* L2>’ M_<* M2>'
and det Ly,det My € Z since Ly, My € Z™*"™,

@ Since
det L = det Ly -det Ly, det M = det My - det M5.
we have

det Lo - det My
det M ~ det Ly

e Q.



@ Pick superlattices L/2, Ml2 < {O}m x R? » 0.0 ° 0.0 e o ogq0 c o o o N e
s.t. » . ° R L4
» L] e 0 L] L] L] L] ‘ ... L] ‘ (]
[L5: Lp] =detM; and [M5: My = det L. . * L R" .
» L] ‘ L] L] L] L] ... L] L] M o (]
Then det L}, = det M. R R .
@ Since m = R” there is bounded ’ .
E c R" ros e M;
E + L =E'+M’2=R” are tilings. P
@ Pick finite Jo < Ly, Ko = Mj st. et

. » ‘ ... [ ] [ ] ... ‘ [ ] [ ] [ ] [ ] e®%e [ ] [}
5= Lo+h, M, =M+K, are tilings. L. . .
» [ ] ‘ [ ] [ ] [ ] [ ] oo [ ] [ ] [ ] [ ] [ ) ... [}

Then || = det My, |Ky| = det L. o . o



BOUNDED COMMON FD: INTERMEDIATE CASE (CONTINUED)

@ Since (not a tiling below)
L+ M+ {0}" xR"=2Z" xR"
we can pick finite sets ; < L;, K1 € M;
|Ji| = det My, |Ki| = det Ly
s.t. we have the tilings

Ki+ L1+ {0} x R" = Z™ x R”
Ji+ My + {0} x R" = Z™ x R".

@ |Ji| = || and |Ki| = |K3| so

3 bijections ¢ : K1 — Kb,

¢ZJ1—>J2.

P © ¢ o O & 0 o O o 0 o 0 o 0 0o 0 o 0 o ¢

P © ¢ o O & o o O o 0 o 0 o 0 o 0 0o 0 o ¢

e
KJ% :
34

Rm

&

» © ¢ o o o o o o o 0o o o o




BOUNDED COMMON FD: INTERMEDIATE CASE (CONTINUED)

@ Remember
E+1Ly=F+ M,=R" are tilings.

@ Define the bounded set EC Z™ x R"

[ E={x+y+o(x)+¢(y): xe K, ye h} + FE.

Claim:
L+ E=M+E=7"xR" are tilings.

@ Then
Q=E+10,1]™ x {0}"

is our bounded, common tile for L, M.

@ By periodicity of the arrangement and matching of volumes it suffices to prove

L+E=7Z"xR"and M+ E=7Z" x R" are packings.



BOUNDED COMMON FD: INTERMEDIATE CASE (CONTINUED)

@ Suppose not: £ = {1 + {5 and Z:Z;l—i—zzeL: Li® Ly and ¢/ + E and {+E
overlap.
I x,x€ K1, y,ye€ Jp such that

b4l+x+y+ o) +0(y) +E, i1+l +X+5+ ¢(X) + ¢(F) + E overlap.
@ Rewrite overlapping copies as
U +y+x+Ll+d(x)+v(y)+ E
W_/ . ~ »)

€Ly c{0}"xRn

and
L+ y+%+ b+ ¢(X) +0(7) + E .
~—— ~ ~

€Ly c{0}"xR"
@ Remember the tiling K1 + L1 + {0} x R" = Z™ x R". Since x,x € K; we get

€1+y=l71 +y and x=X,
50 ¢(x) = o(X).



BOUNDED COMMON FD: INTERMEDIATE CASE (CONTINUED)

@ Thus the translates
lo+(y)+E and lh+¢(3) + FE

overlap on positive measure.
@ But £ + ¥(y), b + 9(¥) € L and

R"= L5+ FE =Ly + J + E are tilings,

so we get > = 0> and U(y) = ().
@ Then y =y since v is a bijection.
@ Finally from /1 + y = 0+ y we obtain

-



BOUNDED COMMON FD: INTERMEDIATE CASE (CONCLUSION)

@ Packing implies tiling since

El = |E]- |Ki| - [A]
= det L’2 -det L1 - det M
=det Ly - det L) - ||
= det L7 - det L,
= det L.

@ Same result for M + E by symmetry.
@ End of proof.



THE RESULT THAT ENABLED THIS CONSTRUCTION

If the model sets
AT, W), AT, W] are BDE

then W, W are py(I)-equidecomposable up
to measure 0.



AND A MID-SUMMER (2025) EMERGENCY!

If the model sefs

AT, W),

then W, W are po
to measure 0. H

, W) are BDE

)-equidecomposable up



AND A MID-SUMMER (2025) EMERGENCY!

If the model sefs

AT, W),

then W, W are po
to measure 0. H

, W) are BDE

)-equidecomposable up

Error in proof pointed out by Nir Lev.
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MEASURABLE HALL’S THEOREM

Theorem 2. Let I" be a finitely generated abelian group and let I' ~, (X, 1) be a free
pmp action. Suppose A, B € X are two measurable I'-uniform sets. The following are
equivalent:

(1) The pair A, B satisfies the Hall condition with respect to " p-a.e.
(2) A and B are I'-equidecomposable [1-a.e. using pi-measurable sets.

(3) A and B are I'-equidecomposable ji-a.e.

@ We will show (3).



THE CORRECTED THEOREM

Assume
@ W, W < R" are bounded measurable sets of positive measure.
@ [OW| = |oW]| =0
@ The model sets A(I', W) and N(T', W) are bounded distance equivalent.

Then W, W' are p,(I")-equidecomposable up to measure zero with measurable pieces.

Plan of proof
@ First prove po(I')-equidecomposability with any pieces.
@ Then use measurable Hall to get measurable pieces.



ENCLOSE W, W IN A py(') BOX

@ Define a sparse lattice H < pp(I) and the quotient space X = R"/H

@ G = py(IN)/H acts on X by translation.

@ W, W are viewed as subsets of X.

@ We show W and W are py(F)-equidecomposable for some finite F< T.



SET Iy WHICH p;-PROJECTS TO A(, W)

@ DefineTw={yel:p(y)e W}, Tw ={yel:p(y)eW}

R™
AT, W)




REMOVE THE KERNEL OF p, ON [

@ If N=kerpynl = (R™x {0}")nT
then we have the lattice decomposition ' = L@ N and

Tw=Lw®N, Tw=Lwa®N

where Ly = {veL:pa(y) e W}, L = {veL:pa(y) e W}.



REMOVE THE KERNEL OF py, ON [

@ If N=kerpynl = (R™x {0}")nT
then we have the lattice decomposition ' = L@ N and

Tw=Lw®N, Tw=Lwa®N

where Lyy = {ve L:pa(y) e W}, Ly = {y € L: pa(vy) € W}.

@ We show Ly R Ly using the following.

.

Let A, B c Z" and suppose that A x Z° BRE B x 75 with constant K.

Then also A BDE B with the same constant K.

This is proved using Hall's marriage theorem.



BDE
TRANSLATING THE WINDOWS PRESERVES Ly, ~ Ly_y

BDE . P
Lw_x ~ Lys_x with the same constant K for every x € R" satisfying

(@W=x) 1 pa(T) = (W = X) 1 pa(T) = & (1)

@ Since |0W| = [0W/| = 0 this is for a.e. xe R".
@ Also proved using Hall's theorem.



EQUIDECOMPOSITION FROM THE BDE PAIRING

o Fi={yeL:|y| <K} with Ly, % Ly, with const. K.

@ Equidecomposition defined on G cosets:

~y—p2(y)+x mod H

Ly A=Wn (G+x)
BDE pairingl F translates l p2(F) equidecomposition
Ly —x B:WH(G-FX)

~y—p2(y)+x mod H



EQUIDECOMPOSITION FROM THE BDE PAIRING

@ Fi={yel:|y <K} with Ly_x "2F Lys_, with const. K.

@ Equidecomposition defined on G cosets:

~y—p2(y)+x mod H

Ly A=Wn (G+x)
BDE pairingl F translates l p2(F) equidecomposition
Ly —x B:WF\(G-i-X)

~y—p2(y)+x mod H

@ It remains to establish measurability of the pieces.



G-UNIFORMITY

@ Decompose G = e1Z @ -+ - @ eqZ DA, with |A| < oo.
-
M, the free part

@ Write Py = {Z}’lzl mjej: mje{0,1,... k— 1}} and Fx = Pk® A.

@ Must show dc > 0, kg > 0 s.t. for almost all xe X, all k> kg
WA (Fx+x)| = ck9.

(Same for W)



G-UNIFORMITY

@ Decompose G = e1Z @ -+ - @ eqZ DA, with |A| < oo.
%/_/
M, the free part

@ Write Py = {Z}’lzl mjej: mje{0,1,... k— 1}} and Fx = Pk® A.

@ Must show dc > 0, kg > 0 s.t. for almost all xe X, all k> kg
WA (Fx+x)| = ck9.

(Same for W)
@ po(l) dense in R” = G = p»(I')/H dense in X = M dense in X.
@ W2 U = open ball of radius € > 0. Py, is an €/2-net in X for some ko.
® Py + x contains at least |k/kg|“ translated copies of Py, + x.
@ P, + x contains at least ck? points in W.



WITHOUT CUT-AND-PROJECT SETS

@ Recently my PhD student Manos Spyridakis has given a proof without going
through cut-and-project sets.

@ Again the Measurable Hall's theorem is used.



THE END

Thank you!



